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Strain manipulation of Majorana fermions in graphene
Zhen-Hua Wang,1 Eduardo V. Castro,2 and Hai-Qing Lin1
1Beijing Computational Science Research Center, Beijing 100084, China
2CeFEMA, Instituto Superior Te´cnico, Universidade de Lisboa, Av. Rovisco Pais, 1049-001 Lisboa, Portugal
The functionalized graphene with induced superconductivity, Zeeman coupling, and finite Rashba
spin-orbit coupling is proposed to display topological superconducting phases with Majorana end
modes. We obtain the phase diagram of bulk graphene and nanoribbon by calculating the Chern
number, band structure and wavefunction. The electron doping in graphene, magnetic field and
strain-induced pseudomagnetic field can result in the topological phase transition. Moreover, it is
interested to note that strain has negative influence on the stability of topological nontrivial phase
either uniform or nonuniform, destroying the existence of Majorana fermion, which provides a new
way to transfer, create and fuse Majorana fermions. Some experimental schemes are also intro-
duced to tailor functionalized graphene, generating various devices applied in topological quantum
computation.
PACS numbers: 73.63.Kv, 72.15.Qm, 73.63.Fg, 73.23.-b
I. INTRODUCTION
Graphene and related materials can be integrated with
desired specific properties, in particular to the energy
devices,1–5 topological quantum computations6–13 and
wide spectrum of applications.14–20 With the develop-
ment and optimization of production methods, high-
volume liquid-phase exfoliation21–24 and chemical va-
por deposition,25–27 functionalized graphene is tailored
and exploited for various devices, such as portable and
wearable energy conservation and shortage devices, wa-
ter splitting, membranes, quantum walks and compu-
tation. Topological properties and the chiral symme-
try inherent in graphene are the main reason why the
seemingly simply honeycomb lattice accommodate such
a rich physics,28–32 which includes double Dirac cones
in the Brillouin zone,33 anomalously sharp Landau level
and quantum Hall effect at the Dirac point in mag-
netic field even with ripples, and a host of other peculiar
features.34,35
Graphene is one of the most promising nanomaterials
because of its unique combination of superb properties.
Experimental advances in doping methods have allowed
the electron density to approach the van Hove singular-
ities (VHSs) at 25% hole or electron doping.36,37 The
logarithmically diverging density of states at the VHS
can allow nontrivial ordered ground states to emerge
due to strongly enhanced effects of interactions. Mean-
while, strain is used as a mechanism to change the en-
ergy of the VHS, bringing it closer to the doping level
of pristine graphene, and therefore making it experimen-
tally accessible. Topological insulators is predicted for
graphene, where the weak intrinsic spin-orbit interaction
(SOI) can be enhanced by applying a perpendicular elec-
tric field38,39 or a nonuniform magnetic field,40 tuning
the local curvature of the sheet,41 or doping by 3d or
5d transition metal adatoms.42–44 When graphene is de-
posited on substrates or adsorbed with heavy atoms, the
interaction-induced symmetry breaking can open bulk
gaps to support kinds of topological phases. Recently,
one common strategy to generate topological supercon-
ductor is through the coupling of an s-wave superconduc-
tor to the helical half-metallic graphene.45,46
The exotic properties of graphene also led to an ex-
tensive study focusing on monolayer, bilayer, nanorib-
bon, and taking into account features such as strain
and curvature, disorder, etc.47,48 Being able to influ-
ence the motion of charge carriers, strain-induced pseu-
domagnetic fields in graphene have been explored as a
potential approach to engineering the electronic states of
graphene.49,50 Nanoribbons also provide numerous inter-
esting issues in fundamental physics, such as topological
insulators.
The functionalized graphene in topological hybrid sys-
tem has received less attention, and therefore graphene
with induced superconductivity and Zeeman coupling,
and finite Rashba spin-orbit coupling is proposed to dis-
play topological superconducting phases with Majorana
end modes. Besides bulk graphene, nanoribbons are also
designed to investigate their topological phase transition,
and the uniform and nonuniform strain induced pseu-
domagnetic fields have great effect on the stability of
topological nontrivial phase, which offer new method to
transfer and control Majorana fermions (MF). Nonuni-
form chemical potential, Zeeman field and strain provide
us enough quantum techniques to control functionalized
graphene.
II. MODEL
In this work only nearest neighbor hopping processes
are considered, shown in Fig. 1, the minimum tight bind-
ing model is used:
H0 = −t
∑
r,σ
a+r,σ(br,σ + br−a1,σ + br−a2,σ) + h.c.
−µ
∑
r,σ
(a+r,σar,σ + b
+
r,σbr,σ), (1)
2FIG. 1. Sketch of zigzag graphene nanoribbon. (a) The zigzag
graphene nanoribbon on an s-wave superconductor, and the
magnetic field B applied perpendicular to the surface can in-
duce a topological regime, where bound states are formed
inside the gap. (b) Honeycomb lattice geometry. The vectors
δˆ, δˆ−a1 and δˆ−a2 connect A sites to their B site neighbors.
The graphene ribbon is stretched or compressed along a pre-
scribed direction, and θ is direction of applied tension T.
where r denotes the position on the Bravais lattice, and
t connects the site r to its neighbors, µ is the chemical
potential, and ar,σ (br,σ) annihilates an electron with spin
σ on atom A (B) in the unit cell.
The Rashba SOI Hamiltonian is written as
HR = iλR
∑
r,σ,σ′
a+r,σ[(σ × δˆ)σσ
′
z br,σ′ + (σ × δˆ−a1)σσ
′
z br−a1,σ′
+(σ × δˆ−a2)σσ
′
z br−a2,σ′ ] + h.c., (2)
where λR is strength of spin-orbit coupling, (σ, σ
′) stand
for spin up and down.
The s-wave superconductivity is induced in the system
by proximity effect and is described by a uniform on-site
superconducting order parameter ∆ whose Hamiltonian
can be written as:
HSC = ∆
∑
r
a+r,↑a
+
r,↓ + b
+
r,↑b
+
r,↓ + h.c.. (3)
Finally, a magnetic field B is introduced, resulting in
an out-of-plane Zeeman potential VZ = gµB|B|/2, with
g the Lande´ g-factor and µB the Bohr magneton. This
Zeeman Hamiltonian is described as follows:
HZ = VZ
∑
r,σ,σ′
(a+r,σσ
σσ′
z ar,σ′ + b
+
r,σσ
σσ′
z br,σ′). (4)
We choose a1(2) as basis vectors in direct space
a1(2) =
√
3a(∓1
2
,
√
3
2
), (5)
and for the vectors connecting NN sites,
δˆ = a(0, 1),
δˆ−a1 = a(
√
3
2
,−1
2
)
δˆ−a2 = a(−
√
3
2
,−1
2
). (6)
The basis vectors in reciprocal space may be chosen as,
b1(2) =
4π
3a
(∓
√
3
2
,
1
2
), (7)
and the corners of the hexagonal Brillouin zone, where
the gap closes, are given by
±K = ±b2 − b1
3
=
4π
3a
eˆx . (8)
We are also interested in uniform planar tension sit-
uations, where the graphene sheet is stretched or com-
pressed uniformly along a prescribed direction. The fixed
Cartesian system is chosen in a way that Ox always coin-
cides with the zigzag direction of the lattice. The strain
tensor in the lattice coordinate system reads:51
~ε = ε
(
cos2 θ − σ sin2 θ (1 + σ) cos θ sin θ
(1 + σ) cos θ sin θ sin2 θ − σ cos2 θ
)
, (9)
where ε is the tensile strain, and σ is the Poisson’s ratio
for graphene, σ = 0.165. θ is angle between the direction
of strain ~ε and x direction. The modification of the atom
distances distorts the reciprocal lattice as well, The prim-
itive vectors of the reciprocal space changes according to
b1 ≃ 2π√
3a
(−1 + ε11 − ε12√
3
,
1√
3
+ ε12 − ε22√
3
),
b2 ≃ 2π√
3a
(1− ε11 − ε12√
3
,
1√
3
− ε12 − ε22√
3
), (10)
Let δˆ, δˆ−a1 , and δˆ−a2 be the vectors connecting NN in
the honeycomb,
t
δˆ
= t(1− βε22)
t
δˆ−a1
= t[1− β(3
4
ε11 −
√
3
2
ε12 +
1
4
ε22)]
3t
δˆ−a2
= t[1− β(3
4
ε11 +
√
3
2
ε12 +
1
4
ε22)], (11)
where β ≈ −∂ log t/∂ log a ∼ 2− 3.
The Rashba spin-orbit interaction in the strained hon-
eycomb is
λR
δˆ
= t(1 + β′ε22)
λR
δˆ
−a1
= t[1 + β′(
3
4
ε11 −
√
3
2
ε12 +
1
4
ε22)]
λR
δˆ
−a2
= t[1 + β′(
3
4
ε11 +
√
3
2
ε12 +
1
4
ε22)]. (12)
Here we assume β = β′.
III. RESULTS AND DISCUSSION
Graphene has been an extremely active subject of re-
search in recent years. The main difference between the
surface of a topological insulator and that of graphene is
that the topological insulator has only one Dirac point
(or valley) and no spin degeneracy, whereas graphene has
two Dirac points and is spin degenerate.8,52 This differ-
ence has far-reaching consequences, including the possi-
bility of generating new particles that have applications
in quantum computing. Several ways have been put for-
ward in the literature to discuss graphene’s topological
property, including breaking the symmetry of a graphene
sheet by depositing it on a substrate, controlling its band
structure by doping, and adjusting the electronic prop-
erties of a graphene bilayer by applying an external elec-
tric field perpendicular to the surface. Graphene is also
amenable to other external influences, including mechan-
ical deformation, which offers a tempting prospect of con-
trolling graphene’s properties by strain. Strain-induced
pseudomagnetic fields in graphene have been explored as
a potential approach to engineering the electronic states
of graphene.49,50,53 In this work, we will investigate the
topological phase in bulk graphene and finite nanoribbon,
discussing the effect of strain.
A. Bulk phase diagram
Topological orders play a crucial role in the classifica-
tion of various phases in low-dimensional systems, and
the Chern number, due to the Berry potential induced in
the Brillouin zone and characterize the integer quantum
Hall effect (QHE), is one of the most typical topologi-
cal invariant.54 The gap-closing condition of HBDG gives
out possible topological phase transition points since the
topological invariant cannot change without closing the
FIG. 2. The phase diagram of one layer graphene sheet ob-
tained by Chern number. (a) Chern number as function of
chemical potential µ and Zeeman field VZ without strain.
(b) Chern number vs µ and uniform strain ε, VZ = 0.8,
θ = 0. (c) Chern number vs VZ and uniform strain ε, µ = 0.8,
θ = 0. (d) Chern number vs θ and uniform strain ε, µ = 0.8,
VZ = 0.8. Other parameters: the nearest neighbor hopping
without strain t0 = 1, superconducting order ∆ = 0.5, Rashba
SOI λR = 0.2, and σ = 0.165.
bulk energy gap. In Fig. 2, the quantum phase tran-
sition with Chern number of the bulk graphene elec-
tron system is established. When the pristine graphene
with SOI couples to s-wave superconductor, this hybrid
graphene system is always in insulating phase, C = 0.
In Fig. 2(a), the magnetic field is switched on, perpen-
dicular to the graphene surface, and the strong Zeeman
field can induce the topological phase. When the Zee-
man field VZ ≤ 0.6, the system is always in insulating
phase C = 0. With the increase of VZ , some other
topological phases appear and the phase transition oc-
curs. The odd Chern number corresponds to topological
nontrivial phase, where the Majorana fermion is created,
while the even Chern number corresponds to topologi-
cal trivial phase. In Fig. 2(b)-(d), the strain-induced
pseudomagnetic field can sharply change the topological
property of graphene system. For low levels of electron
doping, shown in Fig. 2(b), µ ≤ 0.55, the system is in-
sulator even under strong magnetic and pseudomagnetic
field. As µ ≃ 0.6, the pseudomagnetic field induced by
uniform strain along zigzag edge direction results in the
topological phase transition, C = 0 → −1 → 0. With
the increase of electron doping, the graphene transforms
into topological nontrivial phase, C = −3. But uniform
strain have negative influence on the stability of this non-
trivial phase, where the larger the doping, the smaller the
critical phase transition strain, εc. In Fig. 2(c), µ = 0.8,
corresponding size strain can help to induce nontrivial
phase, in particular ε ≃ 0.1, a smaller magnetic field is
enough to create topological nontrivial phase, C = −1.
But if the Zeeman field is large enough, the critical εc
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FIG. 3. The band structure of infinite zigzag nanoribbon.
(a) The width of the ribbon is W = 40, and Zeeman field
VZ = 0.3(Top), 0.8(Middle), and 1.2(Bottom), respectively.
(b) The width of the ribbon is W = 4, and Zeeman field
VZ = 0.3, 0.8, and 1.2, respectively. Other parameters: t0 =
1, µ = 0.8, ∆ = 0.5, λR = 0.2, θ = 0, ε = 0 and σ = 0.165.
(c)-(d) The band structure of different phases in the presence
of strain. (c) (Top)µ = 0.8, VZ = 0.8, θ = 0, ε = 0.1.
(Middle) µ = 0.8, VZ = 0.8, θ = 0, ε = 0.25. (Bottom)
µ = 0.7, VZ = 0.7, θ = 0, ε = 0.1. (d) (Top)µ = 0.8,
VZ = 0.8, θ = 0.5pi, ε = 0.1. (Middle) µ = 0.8, VZ = 0.8,
θ = 0.5pi, ε = 0.2. (Bottom) µ = 0.8, VZ = 0.8, θ = 0.4pi,
ε = 0.25.
also decreases, similar to topological transport behavior
as function of µ and ε. The main results in Fig. 2(d)
present the influence of the direction of strain. Strong
uniform strain can cause the system to be always in triv-
ial phase when θ = 0, but continuous phase transition
occurs, C = −3 → −2 → −1, if the direction of the
strain shifts away from zigzag edge. The reason may be
the effective pseudomagnetic field along zigzag edge de-
creases. The obtained results indicate that the strain can
be used as a potential way to control Majorana fermions.
Topological quantum numbers for the bulk can often be
related with those for the edge states in finite systems.55
With this bulk-edge correspondence topological proper-
ties which can be hidden in the bulk may thus become
visible around the boundaries. The emergence of chiral
edge states in the bulk gap is intimately related to the
topological property of the bulk Bloch states in the va-
lence bands. In Fig. 3, the band structure of infinite
zigzag ribbon with width of forty unit cells (W = 40) in
different topological phases are presented, which is char-
acterized by different number of crossings at zero-energy.
It is found that the number of gapless chiral edge states
along the edge of the graphene ribbon equals to the the
absolute value of Chern number. When the system is in-
sulator, C = 0, a well defined gap exists, while C = −3
corresponds to three zero-energy crossings as well as one
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FIG. 4. The edge states of infinite zigzag nanoribbon with
width of 40 unit cell (W = 40). (a), (c), (e), (g) The energy
gap at k = 0, (h) the energy gap at k = pi. (b), (d), (e),
(i) The number of zero mode pairs is shown, odd number
corresponds to topological nontrivial phase, even number is
topological trivial phase and zero is insulating phase. Other
parameters are the same as Fig. 2.
crossing for C = −1. In Fig. 3(b), the used parameters
are the same as Fig. 3(a) except for the width of the
ribbon, W = 4. It is noted that a finite gap between
valence and conduction bands is always there. The rea-
son is that the width of the ribbon is so narrow and the
zigzag edge states can hybridize to each other. These
results can also be verified by the eigenvalue calculation
of finite nanoribbon with open boundary condition. It is
also interested to note the difference of the zero-energy
crossings between θ = 0 and θ 6= 0, shown in Fig. 3(d).
When θ 6= 0, the continuous phase transition occurs,
C = −3 → −2 → −1, but the only one zero-energy
state crosses at k = π for C = −1. In Fig. 4, the band
gap of infinite graphene zigzag nanoribbon with width of
forty unit cells (W = 40) at k = 0 and π is calculated, as
well as the number of gapless chiral edge states. In Fig. 4
(a), (c), (e), (g), the energy gap at k = 0 as function of µ,
VZ , θ, and ε presents two dispersive edge states crossing
at zero energy if the system is in the topologically non-
trivial phase. Fig. 3(h) shows the energy gap at k = π as
function of strain and its direction, it is found that the
edge states crossing at k = π as θ 6= nπ (n = 0, 1, 2....).
In Fig. 4(b), (d), (f), (i), the number of gapless chiral
edge states is counted, corresponding to the the absolute
value of Chern number. The phase diagram obtained by
Chern number is also demonstrated by band structure
calculations.
B. Edge states in finite graphene nanoribbon
Designing graphene nanoribbons (GNRs) open the way
to a breakthrough carbon-based electronics, in which the
5lateral quantum confinement opens an electronic gap.
Recent works have shown that a combination use of
lithographic patterning of graphene samples and chemi-
cal methods such as solution-dispersion and sonication,56
the designing GNRs can have narrow edges with con-
trolled orientation, spatial localization, and electronic
properties.48 In this part, the investigation of the topo-
logical property and phase transition for narrow GNRs
shows that the uniform strain-induced pseudomagnetic
field have negative influence on the stability of topologi-
cal nontrivial phase. In Fig. 5, a fixed size ribbon with
length L = 300 and width W = 4 unit cells is chose
to couple with s-wave superconductor, and its topolog-
ical behavior is similar to a quasi-1D nanowire, where
the zero-energy modes localize at the two ends of ribbon.
A spinless quantum dot coupled to ribbon end is used
as scanning tunneling microscope (STM) to verify the
topological phase transition. Universal zero-bias anoma-
lies provides a powerful method to infer the existence of
Majorana mode, in particular, it is in the topological non-
trivial phase, Gpeak = 1/2 (e
2/h), in contrast to that for a
dot coupled to a regular fermionic zero mode, Gpeak = 0,
and its topologically trivial phase, Gpeak = 1.
57,58 In Fig.
5(a), the appearance of Majorana zero mode required
high level of electron doping and strong magnetic field.
Upon increasing the Zeeman field, the ribbon undergoes
a series of topological quantum phase transition as it tra-
verses successive topological trivial and nontrivial phases.
Fig. 5(b) presents the combination effect of electron dop-
ing and uniform strain affects the stability of Majorana
zero mode, where strong strain destroys the topological
nontrivial phase at small µ, but it nearly has no influ-
ence on the nontrivial phase stability at high µ. The
magnetic field and strain-induced pseudomagnetic field
would have opposing effect, shown in Fig. 5(c). At mod-
erate magnetic field, strong strain induces the topologi-
cal phase transition from nontrivial to trivial phase, and
successive phase transition undergoes at strong magnetic
field. Fig. 5(d) indicates that the effective pseudomag-
netic field along zigzag edge changes with the direction of
the strain, and strain along armchair direction can have
sharply effect, requiring small critical strain εc.
Recently, a local Majorana polarization is also used
as order parameters to characterize the topological tran-
sition between the trivial and nontrivial system.59 For
a given eigenstate, Ψ+ = (u↑, u↓, ν↑, ν↓), with u and ν
respectively the electron and hole amplitudes, the Ma-
jorana polarizations along the x- and y-axis are defined
as:
PMx = 2Re[u↓ν
∗
↓ − u↑ν∗↑ ],
PMy = 2Im[u↓ν
∗
↓ − u↑ν∗↑ ]. (13)
The Majorana polarization PMx and PMy for the low-
est energy states (n = ±1) are plotted in Fig. 6. When
there is no strain on the symmetry zigzag ribbon, shown
in Fig. 6(a), the system is in topological nontrivial phase,
and the values of the Majorana polarization PMx are al-
ways opposite at the two ends of the ribbon, while PMy
FIG. 5. The pronounced zero-bias peak of detecting quantum
dot is used to verify the phase of finite nanoribbon, A(ω) =
−2ΓIm(GR1↓↓(ω) + G
R
2↓↓(ω)). Only the spin-down channel is
considered because of the large Zeeman splitting. (a) θ = 0,
ε = 0.0. (b) θ = 0, VZ = 0.8. (c) θ = 0, µ = 0.8. (d) µ = 0.8,
VZ = 0.8. Other parameters: t0 = 1, ∆ = 0.5, λR = 0.2, and
σ = 0.165.
are always equal at two ends. In Fig. 6(b), the uniform
strain ε = 0.1 along zigzag edge is switched on, the rib-
bon is always in its topological nontrivial phase, and the
opposite PMx at two ends is preserved, PMy are always
equal. The main difference between no strain case is that
the Majorana polarization becomes delocalized. In Fig.
6(c), ε = 0.25, the ribbon is in topological trivial phase,
PMx and PMy are nearly zero in all sites of the ribbon.
Therefore, Majorana polarization is also a good order
parameter to characterize the topological transition. In
Fig. 6(d)-(e), non-uniform strain is applied along zigzag
direction, and the strain increases as an arithmetic se-
ries along x direction, εmax = 0.05 and 0.15, respectively.
It is found that PMx are always opposite but with dif-
ferent strength at the two ends of the ribbon, and PMy
are unequal. As εmax = 0.15, the topological nontrivial
phase will disappear in high strain region and topologi-
cal nontrivial phase edge starts to move away from high
strain. In Fig. 6(f), the other kind of non-uniform strain
is applied,
ε = εmax
1
2
[1 + tanh(
x− x0
ζ
)], (14)
where εmax is maximum strain at right end, x is sites of
the ribbon, x0 is the sites with maximum slope, and ζ can
control the slope of the line. It is also observed that the
non-uniform strain can move the Majorana polarization.
For armchair graphene nanoribbon, the values of the Ma-
jorana polarization PMy are always opposite at the two
ends of the ribbon, and PMx are always equal at two
ends. In non-uniform graphene nanoribbon, the symme-
try of the Majorana polarization is destroyed. According
to the calculation, it conforms that a MF is always spin
6FIG. 6. The Majorana polarization of two zero-modes inside
the gap. Majorana polarization is also a good order parameter
to characterize the topological transition. (a) Uniform strain
along zigzag edge ε = 0. (b) ε = 0.1. (c) ε = 0.25. (d) Non-
uniform strain, the strain increases as an arithmetic series,
εmax = 0.05. (e) εmax = 0.15. (f) Non-uniform strain dis-
tributes as function tanh. Other parameters: t0 = 1, µ = 0.8,
VZ = 0.8, ∆ = 0.5, λR = 0.2, θ = 0, and σ = 0.165.
polarized in the sense that for a given tunnel junction,
there exist a spin-quantization axis along which it is only
possible to tunnel into or out of the state with electrons
with a specific spin projection.
In Fig. 7, the Majorana polarization PMx and PMy for
the lowest energy states as function of uniform strain ε
are plotted, where µ = Vz = 0.8. Fig. 7(a) gives the en-
ergy values for different strain indicating the phase tran-
sition point at the uniform strain ε > 0.115. This phase
transition behavior can also be observed from Majorana
polarization, shown in Fig. 7(b)-(c), the values of the
Majorana polarization PMx are always opposite at the
two ends of the ribbon as the ribbon is in its topologi-
cal nontrivial phase, while PMy are always equal at two
ends. When the system is in trivial phase, there is no Ma-
jorana polarization. In Fig. 7(d), the pronounced zero-
bias peak of coupled spinless quantum dot also gives the
critical strain value εc = 0.115 where topological phase
transition occurs. Therefore, for narrow GNRs, the uni-
form strain can also be applied to control the creation
and transfer of Majorana zero modes.
FIG. 7. The topological phase transition characterized by
Majorana polarization PMx . (a) The lowest energy (n=1)
as function of uniform strain. (b)-(c) Majorana polarization
PMx vs uniform strain. (d) The phase transition characterized
by the pronounced zero-bias peak of detecting quantum dot.
εc = 0.115 is critical strain value where topological phase
transition occurs. Other parameters: t0 = 1, µ = 0.8, VZ =
0.8, ∆ = 0.5, λR = 0.2, θ = 0, and σ = 0.165.
Graphene nanoribbon exhibits band gap modulation
when subjected to strain. Besides uniform strain, nano-
engineered non-uniform strain distribution in graphene
is aslo a promising road to generate a band gap and a
large pseudomagnetic field.60,61 Mechanical deformations
such as nanoribbon twist, bending and inhomogeneous
deformation can lead to non-uniform strain.62 Recent ex-
periments showed that non-uniform strain can also be
produced by depositing graphene over pillars. Here, we
consider two types of non-uniform strain with different
distribution rule, linear and nonlinear. Firstly, we con-
sider the case that the strain increases as an arithmetic
series along x direction, and the maximum strain local-
izes at right end of the ribbon. The main results are
present in Fig. 8. At the left end of the ribbon, the
strain is small and the left MF always localizes at it, but
the right end has large strain and the localization of right
MF is changed. So we only plot the wavefunction of right
MF. In Fig. 8(a), as the εmax = 0.1, the wavefunction
of right MF becomes delocalized. When the maximum
strain εmax is large than 0.115, shown in Fig. 8(b)-(d),
the wavefunction becomes more delocalization and move
to low strain region. The obtained critical strain value εc
of phase transition is the same as uniform strain. There-
fore, both the uniform and non-uniform strain can pro-
vide a new way to manipulate Majorana fermions.
7FIG. 8. The critical value of strain. (a)-(d) The strain
increases as an arithmetic series. (a) εmax = 0.1. (b)
εmax = 0.115. (c) εmax = 0.13. (d) εmax = 0.15. (e)-(h)
The non-uniform strain is distributed as tanh function, and
εc = 0.115. If the strain of one region exceeds εc, the region
will be into non-topological region. (e) ζ = 0.5, (f) ζ = 20, (g)
ζ = 50, and (h) ζ = 150. Other parameters: t0 = 1, µ = 0.8,
VZ = 0.8, ∆ = 0.5, λR = 0.2, θ = 0, and σ = 0.165.
To get a deep insight into the non-uniform strain-
induced pseudomagnetic field, the strain is distributed
nonlinear, as in Eq. (14). When ζ ≪ Na, the strain will
have a sharp increase at x = x0, and becomes smooth on
other sites. As can be seen from Fig. 8(e)-(h), εmax = 0.3
and x0 = 280, the smaller the ζ, the larger the slope at x0.
When ζ = 0.5, the right MF localizes at x = 279, and
the high strain region becomes non topological region,
this behavior indicates that the pseudomagnetic field in-
duced by large strain is harmful to the stability of topo-
logical non-trivial phase. In Fig. 8(f)-(h), ζ = 20, 50, 150,
respectively, the strain starts to spread over the whole
ribbon, and the right MF transfers to left end, localizing
at x = 275, 268, 244. The critical strain is εc = 0.115,
FIG. 9. Non-uniform strain creates new Majorana fermions.
The maximum strain localizes at the middle of the ribbon.
(a) εmax = 0.1. (b) εmax = 0.15. The other parameters are
the same as Fig. 8.
where the right MF localizes. At the same time, the
right MF becomes delocalized. As the distance between
two MFs is much small, the wavefunction of the two MFs
become overlap, and the system transfers to topological
trivial phase. When the maximum strain εmax ≤ εc, the
two MF will always localize at the two ends of the rib-
bon, and the whole ribbon is in the topological nontrivial
phase.
Furthermore, the strain distribution can be non-
monotone variation, such as bending ribbon. It is there-
fore interesting to study the case that the strain linearly
increases at first and then decreases to zero. In Fig.
9(a), the maximum strain at the middle of the ribbon
is εmax = 0.1 < εc = 0.115, the whole ribbon is always in
its topological nontrivial phase. But as εmax = 0.15 > εc,
there is a new window opens in the middle region of the
ribbon, ε > εc, which is trivial phase. Meanwhile, there
8FIG. 10. The Majorana fermions in the wide ribbon. Non-
uniform chemical potential helps to move topological region.
The width is W = 12 unit cell, the length is 100 unit cell. (a)
l = 100. (b) l = 60. (c) l = 10. Other parameters: t0 = 1,
VZ = 0.7, ∆ = 0.5, λR = 0.2, θ = 0, ε = 0 and σ = 0.165.
are two topological nontrivial regions in the ribbon, sepa-
rating by a domain wall induced by the maximum strain
at the middle of the ribbon. For this reason, there are
two pairs zero-energy modes inside the gap, and the non-
uniform strain creates a new pair of Majorana fermions
instead of local gate.
C. Experimental realization
As discussed above, designing graphene nanoribbons
have been put forward theoretically and experimentally.
Next, we propose some alternative devices without strain
to form the nanoribbon boundaries in graphene sheet by
use of quantum control techniques. Here we choose a
finite ribbon, with width W = 12 and length L = 100
unit cells, as the target systems. In Fig. 10(a)-(c), us-
ing the local gate, the non-uniform chemical potential is
distributed as
u = uc−δ[1−tanh(x − (x0 − l/2)
ζ
) tanh(
−x+ (x0 − l/2)
ζ
)],
(15)
where uc is critical value to achieve topological nontrivial
phase, x is sites of the ribbon, x0 is the sites with max-
imum slope, ζ can control the slope of the line, δ is the
gap away from uc, l is the length of topological nontrivial
region. When the ribbon has large length and width, but
length is much large than width, the system looks like a
infinite nanoribbon and the Majorana zero-energy states
localize at the edges of the ribbon. If the width is very
narrow, the ribbon is similar to a nanowire and the Ma-
jorana end states localize at the two end of the ribbon.
Fig. 10 gives comparable width to the length of finite rib-
bon, and the zero-energy states localize around the four
edges, forming a rectangle region. From Fig. 10(a)-(c),
the rectangle’s area decreases with l, suggesting the non-
uniform potential defined topological nontrivial region.
In Fig. 10(d)-(f), non-uniform Zeeman field is introduced
to control the topological nontrivial area, depending on
the size of ferromagnetic, as the sketch in Fig. 10(g).
The magnetic field is written as
Vz =
(Vz)c
2
[1−tanh(x− (x0 − l/2)
ζ
) tanh(
−x+ (x0 − l/2)
ζ
)],
(16)
where (Vz)c is critical value to achieve topological non-
trivial phase. Similar results are obtained to non-uniform
chemical potential.
IV. CONCLUSION
In this work, the topological phase transition in bulk
graphene and nanoribbon are discussed in detail by cal-
culating the Chern number, band structure and wave-
function. The Majorana fermions in bulk graphene and
finite nanoribbon localize at different position, where the
topological property hidden in the bulk becomes visible
around boundaries, and MF wavefunction of narrow rib-
bon localizes at the two ends. According to the calcu-
lation of strain-induced pseudomagnetic field, it is ob-
served that strain has negative influence on the stability
of topological nontrivial phase either uniform or nonuni-
form. This special property provides a new way to trans-
fer, create and fuse Majorana fermions, which is useful in
designing topological quantum computation. For exper-
imental realization, the nonuniform chemical potential,
Zeeman field and strain can be used as quantum control
techniques to form ribbon of arbitrary shape, tailoring
functionalized graphene.
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